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Problem Let Ω ⊂ RN , N ≥ 2, be a

smooth bounded domain. Consider
−∆u = λ(m(x)u− a(x)|u|p−2u) in Ω,

∂u

∂n
= λb(x)|u|q−2u on ∂Ω.

• λ ∈ R is a parameter.

• m, b may change sign.

• m+ ̸≡ 0.

• a > 0.

1 < q < 2 < p (q − 1 < 1 < p− 1).

If b ≥ 0 then positive solution u > 0 in

Ω is unique for every λ > 0 (Pao ’93).
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Case b > 0 (Garćıa-Meliàn, Morales-Rodrigo,

Rossi, and Suárez ’08).
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A heuristic observation if the negative part of b

increases.

λb λ

u

0

b− ̸≡ 0

c∗

λb λ

u

0

∫
∂Ω b < 0

λb λ

u

0

b ≤ 0

4



λ1(m) = inf{
∫
Ω
|∇u|2 : u ∈ H1(Ω),

∫
Ω
mu2 = 1}

λb = inf{
∫
Ω
|∇u|2 : u ∈ H1(Ω),

∫
Ω
mu2 = 1,∫
∂Ω b|u|

q ≥ 0}
Remark λb = λ1(m) if b ≥ 0, whereas λb =
λD1 (m) (Dirichlet b.c.) if b < 0.

Theorem 1(2) Let p ≤ 2N
N−2 if N > 2. As-

sume b+ ̸≡ 0. Then, the problem has at least 1
nontrivial nonnegative solution for every λ > 0.
Additionally assume∫

Ω
m < 0 and

∫
∂Ω
bφ

q
1 < 0.

Then, λ1(m) < λb, and if
∫
Ω aφ

p
1 is small then

there exists λ∗(a) ∈ (λ1(m), λb) such that the
problem has at least 3 nontrivial nonnegative
solutions for λ ∈ (λ∗, λb).
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∫
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“CS shaped”
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Sketch of Proof For u ∈ H1(Ω), set

Iλ(u) =
1

2
Eλ(u) +

λ

p
A(u) −

λ

q
B(u),

where

Eλ(u) =

∫
Ω
|∇u|2 − λ

∫
Ω
mu2,

A(u) =

∫
Ω
a|u|p, B(u) =

∫
∂Ω
b|u|q.

• ∃u1,λ ∈ B+ s.t.

Iλ(u1,λ) = inf
u∈B+

Iλ(u) < 0

if λ ∈ (0, λb), where

B+ = {u ∈ H1(Ω) : B(u) > 0}.

• ∃u2,λ ∈ E−
λ s.t.

Iλ(u2,λ) = inf
u∈E−

λ

Iλ(u)

if λ ∈ (0, λb) and inf
u∈E−

λ
Iλ(u) < 0, where

E−
λ = {u ∈ H1(Ω) : Eλ(u) < 0}

•λ ∈ (0, λb) =⇒ B+ ∩ E−
λ = ∅

• mountain pass level cλ > 0 > Iλ(u1,λ) ∨ Iλ(u2,λ)
=⇒ the third solution u3,λ
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The verification of

inf
u∈B+

Iλ(u) < 0 and inf
u∈E−

λ

Iλ(u) < 0

• Since b+ ̸≡ 0, we have for some u0, satisfying

B(u0) > 0, and t > 0 small,

Iλ(tu0) =
t2

2
Eλ(u0) +

λtp

p
A(u0) −

λtq

q
B(u0) < 0.

• Note Eλ(tφ1) = t2(λ1 − λ)
∫
Ωmφ

2
1 < 0 for λ >

λ1. Consider

ψ(t) =
Iλ(tφ1)

tq

= −
λ

q
B(φ1) +

t2−q

2
(λ1 − λ) +

λtp−q

p
A(φ1) < 0.

ψ has the global minimum

ψ(t0) = −
1

q

λB(φ1) + Cpq
(λ− λ1)

p−q
p−2

(λA(φ1))
2−q
p−2

 .
We see

ψ(t0) < 0 ⇐⇒(
1 −

λ1

λ

)p−q
p−2

> C−1
pq (−B(φ1))A(φ1)

2−q
p−2.
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