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Problem
Let Ω ⊂ RN , N ≥ 1, be a bounded domain with a smooth boundary ∂Ω.

Consider the sublinear Robin problem

(Pα)


−∆u = a(x)uq in Ω,

u ≥ 0 in Ω,

∂νu = αu on ∂Ω.

Here:

∆ is the usual Laplacian.

a ∈ Cθ(Ω) with 0 < θ < 1 changes sign.

ν is the unit outer normal to ∂Ω, and ∂νu = ∂u
∂ν .

Our purpose is, given 0 < q < 1, to understand the positive solution set

{(α, u)} of (Pα) for α ≥ 0.

u is a nontrivial solution of (Pα)
def⇐⇒ 0 6≡ u ∈ C2+τ (Ω) admits (Pα).

A nontrivial solution u ∈ P ◦ := {u ∈ C(Ω) : u > 0 in Ω } is said to be a

positive solution.
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Expected positive solution set

Contrast:

▶ A nontrivial solution is positive when q ≥ 1;

▶ when 0 < q < 1, we can construct some nontrivial solution that vanishes

in a subdomain of Ω ([KRQU, NoDEA, 2018] for α = 0);

[Friedman, Phillips, Trans. AMS, 1984], [Garćıa-Melián, Rossi, Sabina de

Lis, Proc. LMS, 2007].

• Condition
∫
Ω
a(x) < 0,

say (A.0), is necessary for the

existence of a positive solution for α ≥ 0.

• Under some additional conditions to

(A.0), we will deduce the global exact

low multiplicity of positive solutions:

start with Neumann case (P0)−−−−−−−−−−−−−−−−−−−−−−−−→
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Neumann case (P0)

Ωa
+ := {x ∈ Ω : a(x) > 0}. Then,

(A.0) ⇐⇒ (P0) has a nontrivial solution being positive in Ωa
+.

This is unique if we assume additionally

(A.1) Ωa
+ =

K∪
j=1

Ωj , Ωj is a smooth connected component,

[Bandle, Pozio, Tesei, Math. Z., 1988]. As a result, under (A.0) and (A.1),

∀q ∈ IN := {q ∈ (0, 1) : (P0) has a positive solution}, a positive

solution of (P0) is unique, say uN ∈ P ◦.

AN := {q ∈ (0, 1) : any nontrivial solution of (P0) is positive}. Then,
AN = (qN ,1) for some qN ∈ [0, 1), [KRQU, JDE, 2017]. Thus actually,

(qN ,1) ⊂ IN .
next, Robin case (Pα)−−−−−−−−−−−−−−−−−→
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Exact local multiplicity result for α > 0 small (Robin case (Pα))

Under (A.0), [Chabrowski, Tintarev, NoDEA, 2014] proved the existence of

at least two nontrivial solutions (α, u1(α)) and (α, u2(α)) of (Pα) for

α > 0 small, which satisfy the following conditions as α→ 0+:

† u2(α) ' caα
− 1

1−q as α→ 0+,

where ca =
(

−
∫
Ω
a

|∂Ω|

) 1
1−q

,

† ∃αj → 0+ s.t. u1(αj) −→ u0 in H1(Ω),

where u0 is a nontrivial solution of (P0).

Main result 1−−−−−−−−−−→
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Main result 1: existence of a solution component

Theorem 1. Assume (A.0), (A.1), and q ∈ IN . Then,

αs := sup{α > 0 : (Pα) has a positive solution} ≤
−

∫
Ω
a(x)∫

∂Ω
u1−q
N

,

and (Pα) has the following two continuous curves of positive solutions.

continued−−−−−−−→
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Moreover, C′1 and C2 are connected by a component if we assume additionally

(A.2) a ≥ 0 and a 6≡ 0 in D ⊂ Ω with |∂D ∩ ∂Ω| > 0.

(a) (A.2) (b) Component of positive solutions

How to deduce the component−−−−−−−−−−−−−−−−−−−−−−−−→
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How to deduce the existence of a solution component
For 0 < ε ≤ ε0, we consider the ε-regularization

(Pα,ε)

 −∆u = a(x)

(
α

1
1−q u

α
1

1−q u+ε

)1−q

uq in Ω,

∂νu = αu on ∂Ω.
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Main result 2: global exact low multiplicity result

• The Steklov eigenvalue problem{
∆ϕ = 0 in Ω,

∂νϕ = αϕ on ∂Ω

has a sequence of eigenvalues α1 = 0 < α2 ≤ α3 ≤ . . .

• With α2 (which is non principal), we formulate our global exact

multiplicity result for positive solutions of (Pα) in 0 < α < αs.

Theorem 2. Assume (A.0), (A.1), and q ∈ IN , and additionaly assume that

the upper bound of α as obtained in Theorem 1 is ≤ α2:(
αs ≤

) −
∫
Ω
a∫

∂Ω
u1−q
N

≤ α2

(
imply←−−−− q ' 1,

∫
Ω

a ' 0

)
.

Then, (Pα) has exactly two positive solutions for each 0 < α < αs.

Remark. 0 < α < αs =⇒ 0 < α < α2. How to deduce Theorem 2−−−−−−−−−−−−−−−−−−−−−→
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Scenario for the deduction of the global exactness

Let u ∈ P ◦ ( 6= u1(α)) be a positive solution of (Pα) for 0 < α < αs.

=⇒ 0 < α < α2, and u is unstable.

Then, consider the following linearized eigenvalue problem at u.{
−∆φ = q a(x)uq−1φ+ µφ in Ω,

∂νφ = αφ on ∂Ω,

where µ1 < µ2 ≤ . . ., and we may assume µ1 < 0.

We will verify µk ̸= 0 for ∀k ≥ 2 (there are no zero eigenvalues).

=⇒ the implicit function theorem applies to (α, u).

spectral analysis of −∆φ = λm(x)φ
−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
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Consider the general version

(E)

{
−∆φ = λm(x)φ+ µφ in Ω,

∂νφ = αφ on ∂Ω,

where m ∈ Cθ(Ω) changes sign, and
∫
Ω
m < 0 (having in mind λ = q

and m(x) = a(x)uq−1).

• The smallest eigenvalue µ1(λ) of (E) is

studied by [Afrouzi, Brown, Proc. AMS, 1999].

• Observe

−∆u = 1 ·
(
a(x)uq−1

)
u in Ω,

=⇒ λ−
1 = 1, or λ+

1 = 1.
continued−−−−−−−→
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Proposition. If 0 < α < α2, then (E) has no zero eigenvalue for

0 < λ < λ−
1 , more precisely, λ−

2 = λ−
2 (α,m) < 0 for any m ∈ Cθ(Ω):

where {λ±
k } is a double sequence of eigenvalues for the eigenvalue problem

(Em)

{
−∆φ = λm(x)φ in Ω,

∂νφ = αφ on ∂Ω

Noting
∫
Ω
auq−1 < 0, the proposition shows that{

−∆φ = q a(x)uq−1φ+ µφ in Ω,

∂νφ = αφ on ∂Ω

has no zero eigenvalue, since 0 < q < 1 and q 6= λ−
1 .

How role 0 < α < α2 plays for the deduction of Proposition−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
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Sketch of proof of Proposition

Verify

λ−
2 = λ−

2 (α,m) < 0 if 0 < α < α2.

The eigenvalue problem (Em) with m = 1{
−∆φ = γφ in Ω,

∂νφ = αφ on ∂Ω

has a sequence of eigenvalues γ1 < γ2 ≤ γ3 ≤ . . .

such that

γ2(α2) = 0, γ1(0) = 0 < γ2(0);

α 7→ γ2(α) is non increasing.

Then,

0 < α < α2 ⇐⇒ γ2(α) > 0.

minimax method for γ2(α)−−−−−−−−−−−−−−−−−−−−−→
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Let
J = {(A1, A2) : A1, A2 ⊂ Ω are disjoint and open },

H1
Ai

(Ω) = {φ ∈ H1(Ω) : φ = 0 in Ω \Ai }.

Then, [Torné, EJDE, 2005] provides:

(E1) −∆φ = γφ in Ω, ∂νφ = αφ on ∂Ω.

γ2(α) = min
(A1,A2)∈J

max
(
γ+(A1), γ+(A2)

)
with

γ+(Ai) = inf

{∫
Ω

|∇φ|2 − α

∫
∂Ω

φ2 : φ ∈ H1
Ai

(Ω), ∥φ∥2 = 1

}
.

(Em) −∆φ = λm(x)φ in Ω, ∂νφ = αφ on ∂Ω.

Note λ−
2 (α,m) = −λ+

2 (α,−m), and then, similarly,

λ+
2 (α,−m) = min

(A1,A2)∈J
max

(
λ+(A1), λ+(A2)

)
with

λ+(Ai) = inf

{∫
Ω

|∇φ|2 − α

∫
∂Ω

φ2 : φ ∈ H1
Ai

(Ω),

∫
Ω

mφ2 = −1

}
.

∴ If γ2(α) > 0, then λ+
2 (α,−m) > 0 ( ∵

∫
Ω
mφ2 = −1 =⇒ φ 6= 0 ).
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