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Problem

Let Q@ C RN, N > 1, be a bounded domain with a smooth boundary 9.
Consider the sublinear Robin problem

—Au = a(x)u? in Q,
(Pa) u > 0 in  Q,
d,u = au on ON.

Here:
o A is the usual Laplacian.
e a € C’Q) with 0 < < 1 changes sign.

@ v is the unit outer normal to 092, and J,u = %'

Our purpose is, given 0 < g < 1, to understand the positive solution set
{(a,u)} of (P,) for a > 0.

e u is a nontrivial solution of (P,) g 0 # u € C*7(Q) admits (P,).

o A nontrivial solution u € P°:={u e C(Q):u>0in Q } is said to be a
positive solution.
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Expected positive solution set

o Contrast:
» A nontrivial solution is positive when ¢ > 1;
» when 0 < ¢ < 1, we can construct some nontrivial solution that vanishes
in a subdomain of © ([KRQU, NoDEA, 2018] for a = 0);
[Friedman, Phillips, Trans. AMS, 1984], [Garcia-Melidn, Rossi, Sabina de
Lis, Proc. LMS, 2007].

e Condition [, a(z) <0,
say (A.0), is necessary for the
existence of a positive solution for a > 0.

iti iti . Cowmtinuous cwrve
e Under some additional conditions to & xximp e

(A.0), we will deduce the global exact

low multiplicity of positive solutions: Uy
oL

o o
start with Neumann case (Pp) 1=1 et Jpa=o
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Neumann case (Fp)

o QY :={r € Q:a(r) > 0}. Then,
(A.0) <= (P) has a nontrivial solution being positive in Q.

This is unique if we assume additionally

K

(A1) Qf = U Q;, ; is a smooth connected component,
j=1

[Bandle, Pozio, Tesei, Math. Z., 1988]. As a result, under (A.0) and (A.1),
Vg € Iy :={q € (0,1) : (F) has a positive solution}, a positive
solution of (Pp) is unique, say wupa € P°.

o Ay :={q€(0,1): any nontrivial solution of (P) is positive}. Then,
An = (gar, 1) for some gy € [0,1), [KRQU, JDE, 2017]. Thus actually,

(gqns1) C I next, Robin case (P,)
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Exact local multiplicity result for @ > 0 small (Robin case (FP,))

e Under (A.0), [Chabrowski, Tintarev, NoDEA, 2014] proved the existence of
at least two nontrivial solutions («,u1(«)) and (o, us(«)) of (Py) for
a > 0 small, which satisfy the following conditions as o — 07:

t us(a) ~ cqa T as a — 07, =

]
1 —~ CQOC— =k
—fna>ﬁ

where Cq = (W

T Fa; = 07 st ui(ay) —> up in HY(Q), /

where g is a nontrivial solution of (Pp). ~—,

Main result 1
ST
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Main result 1: existence of a solution component
Theorem 1. Assume (A.0),(A.1), and g € Zyr. Then,

- fn a(z)

as :=sup{a > 0: (P,) has a positive solution} <
Joa unr

and (P,) has the following two continuous curves of positive solutions.

%3
t{ («, uzw))} &w,izunl.qs:'ng:

" C’I/:' {(xct), bl(ﬂﬁ Continuous

. C,= ‘[(o(,i Y w)} c” ("\::ltqsinj
? o

“— S

oroered eXact
a = ay = a solution in P° is unique.
a > ay = no solutions in P° exist.

A solution in P° is unstable except f L .
solution in is un except for up(a) a < a; continued
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Moreover, C; and Cy are connected by a component if we assume additionally

(A.2) a>0 and a#0 in DCQ with |[0D N > 0.

Fs
oL

I
(a) (A.2) (b) Component of positive solutions

How to deduce the component
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How to deduce the existence of a solution component

For 0 < € < g¢, we consider the e-regularization

= 1—q
—Au = a(x e u? in Q,
(Pa,s) { ( )(aﬁuﬁ:)

U = au on 0
(P ) UZO‘liqu (Q ) —Av*aa(I)(L)liqvq in Q
4) - vte ’
e e Oyv = av on ON).
¥ 0
Cg é
e-regularization %
T A
1 l e — 0t
1 —
Pa { v (Q ) —Av = aa(z)v? in Q,
C 0,0 = av on 0.
A '
¢ 7
2,
7
Z A
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Main result 2: global exact low multiplicity result

e The Steklov eigenvalue problem
Ap =0 in Q,
0,90 =a¢p on 0N
has a sequence of eigenvalues a; =0 < as < a3z <...

e With ay (which is non principal), we formulate our global exact
multiplicity result for positive solutions of (P,) in 0 < a < «.

Theorem 2. Assume (A.0), (A.1), and g € Zyr, and additionaly assume that
the upper bound of « as obtained in Theorem 1 is < as:

O N C R )

Then, (P,) has exactly two positive solutions for each 0 < a < a.

Remark. 0<a<a, — 0<a<as. How to deduce Theorem 2
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Scenario for the deduction of the global exactness

o Let u € P° (# ui(«)) be a positive solution of (P,) for 0 < a < .
= 0<a<ay, and wu is unstable.

Then, consider the following linearized eigenvalue problem at wu.

~Ap = qa(x)ut o+ pp  inQ,
au@ = ap on BQ,

where p; < pe < ..., and we may assume 1 < 0.

o We will verify g # 0 for Vk > 2 (there are no zero eigenvalues).

— the implicit function theorem applies to (o, u).

spectral analysis of —Agp = Am(z)p
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o Consider the general version

(B) {—Acp =Am(z)p+pp in Q,

61/80 = ap on 69,

where m € C?(Q) changes sign, and [, m < 0 (having in mind A = ¢
and m(x) = a(z)u?™?t).

e The smallest eigenvalue uq () of (E) is
studied by [Afrouzi, Brown, Proc. AMS, 1999]. ) Hi(n)

0
e Observe AlA / N\

0<X < X =,
—Au=1"(a(z)u? ") uin Q, °
0 A
= A =1, or )\IL:L /\
continued
; % >,
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Proposition. If 0 < « < ag, then (F) has no zero eigenvalue for
0 < X < A7, more precisely, A\, = A, (a,m) <0 for any m € C?(Q):

Az 0 AT=1gr 1= Af

where {)\f} is a double sequence of eigenvalues for the eigenvalue problem

(Eu) {—A<p =Am(x)p inQ,

Oy = ap on 0f)
e Noting [, au?"! <0, the proposition shows that

~Ap =qa(z)u? o +pp  inQ,
dyp = ayp on 02

has no zero eigenvalue, since 0 < ¢ <1 and ¢ # A].

How role 0 < o < o plays for the deduction of Proposition
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Sketch of proof of Proposition

Verify
Ay =X (,m) <0 if 0<a<as.
The eigenvalue problem (E,,) with m =1
—Ap=7p in €,
Op=ap  ondfd

has a sequence of eigenvalues 71 < o <73 < ...

such that
° 12(az2) =0, 11(0) =0 < 72(0); A
e o+ y2(a) is non increasing. o]
Then,

O<a<ay <= a)>0.

ol

N
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Let
J ={(A1,A2): A;, Ay C Q are disjoint and open },

Hi () ={pcH(Q): ¢=0 in Q\4 }.
Then, [Torné, EJDE, 2005] provides:
o (B1) —Ap=~¢ inN, v =ap on dN.

Yo(a) = (Allsr}‘igej max ('y+(A1), 7*(A2))  with

v =it [ 19ef —a [ o pe @), ol =1},
o (En) —Ap=Am(z)y inQ, I, =ap on IN.
Note \; (a,m) = —\J (a, —m), and then, similarly,

A (o, —m) = i AT(A1), MT(A: ith
5> (a,—m) (A]{rlggejmax( (A1), (A2))  wi

g =] [1vef —a [ o5 pemi@, [m =1},
Q o0 Q

If v2(a) >0, then A\J(a,—m) >0 (- Jome?=—1 = ©#0).
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Thank you for your kind attention.
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